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Abstract 

Previous  Investigators  have  obtained  expressions  for  the  gain  and  noise 
figure  of  a  helical  traveling-wave  tube.  We  consider  in  detail  the  dependence 
of  these  qtiantltles  upon  the  various  tube  parameters,  that  is,  the  beam  current 
beam  volta^;e,  beam  radius,  and  frequency.   The  restrictive  assumptions  are  made 
that  the  tube  is  tuned  to  resonance  and  that  the  ranges  of  the  parameters  are 
80  limited  that  all  the  Bessel  ftinctions  which  appear  have  large  arguments. 
These  assumptions  are  lifted  in  the  last  two  sections  of  the  paper.  The  general 
course  of  the  curve  of  gain  or  noise  figure  versus  the  parameter  being  varied 
Is  studied  analytically  and  the  results  presented  graphically. 
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1.  Introduction 

The  gain  and  the  noise  flgiire  of  a  helical  traveling  wave  tube  were 
first  Investigated  hy  Fierce  ,  under  seTeraly  restrictive  assufflptlona.  HIb 
theory  was  then  improved  "by  Chu  end  Jackeon  ,  who  use  a  quite  accurate  field 
theory  to  obtain  a  transcendental  equation,  the  roots  of  which  ere  the  propa- 
gation constants  of  the  vexious  modes.   In  order  to  obtain  epproxliaate  solutions 
of  this  equation,  they  tiy   all  the  parameters  of  the  problem.  Hence  their  work 
gives  no  indication  of  how  the  propagation  constants  verj'  as  the  parameters  are 
changed* 

Further  research  on  this  equation  has  been  carried  out  by  Friedmeai^  who 
studied  the  gain  problem.  He  asstuaed  that  the  modes  of  the  helix  in  the  pres- 
ence of  the  beam  differ  only  by  small  perturbations  from  the  modes  of  the 
"cold"  helix.  An  expansion  procedjxre  may  then  be  applied  to  obtain  the  pro- 
pagation constants.   If  the  ranges  of  the  system  parameters  are  restricted  sc 
as  to  satisfy  the  resonance  condition  and  also  so  as  to  yield  large  arguments 
in  all   Bessel  functions  that  appear,  then  the  dependence  of  the  propagption 
constants  on  the  parameters  may  be  easily  investigated. 

In  Pierce's  early  paper,  an  estimate  for  the  noise  figure  is  given,  based 
primarily  on  circuit  analysis.  We  shall  apply  Friedman's  improved  analytical 
methods  to  this  estimate,  and  then,  under  the  same  restrictions  which  apply  to 
the  gain,  obtain  the  dependence  of  the  noise  figure  on  the  system  parameters. 
By  this  means  we  remove  Pierce's  assumption  that  the  electron  beam  is  treated 
as  an  infinitely  thin  shell,  without  using  the  "equivalent  thin  beam"  treatment 
of  Fletcher  ,  The  noise  figure  has  been  treated  by  Shulraan  and  Heagy"^,  using 
analytical  methods  similar  to  Friedman's  but  retaining  the  asstrnption  of  an 
infinitely  thin  beam. 

This  paper  may  thus  be  considered  as  extensions  and  applications  of 
Friedman's  work.  By  use  of  the  improved  methods,  we  obtain  analytical  ex- 
pressions for  the  gain  and  noise  figure,  from  which  we  may  treat  the  explicit 
dependence  on  the  parameters.   The  details  of  this  dependence  are  investigated 
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Tube",  B.C. A.   Review  8,   5S5   (I9U7. 


-2- 


"by  varying  each  parameter  separately.  The  genereuL  coarse  of  the  curves  of  gain 
and  noise  figure  against  the  parameter  teing  varied  is  treated  analytically, 
and  the  results  presented  graphically.  We  compare  the  theory  with  experiment 
when  possible. 

In  the  next  section  we  shall  summarize  the  pertinent  results  of  Cku  and 
Jackson  and  of  Friedman,   In  Section  3  an  expression  for  the  noise  figure  is 
ohtained  hy  substituting  the  Chu-Jackson-Priedman  propagation  constants  for 
those  of  Pierce  in  the  letter's  estimate  of  the  noise  figure.  In  Section  U 
the  behavior  of  the  gain  and  noise  figure  is  studied  when  the  beam  current  is 
varied  while  the  other  parameters  are  maintained  constant.  The  voltage  alone 
is  vrried  in  Section  5,  while  the  beam  thickness  is  the  variable  parameter  In 
Sections  6  and  7,  In  the  eighth  section  the  frequency  is  varied,  vAiieh  yeilds 
the  frequency  response  and  effective  band  width  of  the  tube,  as  far  as  the 
latter  is  determined  by  the  helical  circuit  rather  than  the  external  circuit. 
The  effect  of  small  departures  from  resonance  is  ixxvestlgated  in  the  next 
section,  and  in  Section  10  we  discuss  lifting  the  requireaent  of  large  argu- 
ments in  the  Beseel  functions. 

Although  the  validity  of  the  gain  and  noise  formulae  studied  herein  is 
asserted  only  under  restrictive  assumptions,  it  is  not  unreasonable  to  expect 
that  wider  application  would  yield  ras\ilts  ^ich  are  at  least  qiialltatively 
correct. 
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2,   Summary  of  the  Pertinent  Resxilta  of  Cha  and  Jaokson  and  of  Friedman 

To  lay  the  groundwork  for  our  analysis,  we  shall  first  siijamarise  those  re- 
sults of  Chu  and  Jackson  and  of  Friedman  which  we  shall  require.  Since  the 
system  conposed  of  the  helix  plus  the  beam  is  far  too  complicated  to  solre 
directly,  a  set  of  physical  assumptions  are  aiade  to  simplify  the  prohlea,  Pirat, 
one  assmaes  that  the  helix  is  well  approximated  hy  a  lossless  helical  <)heath  of 
radius  a  and  infinitesimal  thickness,  which  sheath  is  capable  of  conduction  only 
In  a  direction  which  makes  an  angle  of  90°-  6  with  tlie  axis  of  the  helix. 
Second,  one  asstuaes  that  because  of  the  presence  of  a  strong  longitudinal  mag- 
netic field,  the  electrons  are  constrained  to  have  only  longitudinal  motion, 
and  to  be  confined  within  a  cylinder  of  radius  b  concentric  with  the  axis  of 
the  helix.  Third,  the  d,c,  beam  current  density  is  assumed  to  be  constant  aver 
the  beam  cross-section,  and  since  tliere  is  no  radial  motion,  this  constant 
density  is  maintained  over  the  length  of  the  beam.  Lastly,  all  a«c,  quantities 
are  assumed  to  be  small  compared  to  the  corresponding  d.c.  quantities,  which 
asstusption  linearizes  the  equations  of  motion  and  enables  a  solution  to  be  ob- 
tained* This  last  assumption  istplies  that  we  do  not  dead  with  such  great  lengths 
of  beam  that  the  amplified  currents  become  comparable  in  magnitude  to  the  d.o. 
beam  current. 

With  circular  symmetry  around  the  z-axis,  taken  to  lie  along  the  axis  of 
the  helix,  solutions  of  the  field  equations  can  be  found  for  the  three  regions 
r  <  b,  b  <■  r  <  a,  and  r  >  a.  The  boundary  conditions  at  the  beam  require  the 
radial  admittance  function  to  be  continuous,  and  the  boxindaiy  conditions  at 

the  helix  then  enable  the  other  constants  involved  to  be  determined.   If  one 

i  Ot— 1^  z 
assumes  the  fields  vary  as  e     "^  ,  the  propagation  constant/-  satisfies  the 

transcendental  equation: 

,,,,        ,  ka  ^  V'^^^  .  ,  ka  lli(p>>)-a(pa)VP^) 


I^(pb)  +  G(pa)K„(pb) 


in  which  we  have  used  the  following  notation. 

p2  =  -  (Z^-*-  k^) 
e  -  electron  charge 
>2«2^  j^  _  electron  mass 

r     -  d,o,  beam  velocity 

I  -  4,c,  beam  current 
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(2.3) 


x'- 


1  + 


O   T 
O 


I  ,  I. ,  K  ,  and  K.  are  modified  Bessel  fanctions,  and  &(pa)  is  dsfined  as  : 


(2.U) 


&(pa) 


(^  pf  ^)^  Il(pa)  I^Cpa)  -  I^(pa)  I^(pa)l  /l^(p.) 


At  this  point  Chu  and  Jackson  fix  all  the  parameters  of  the  system,  and 
then  solve  the  equation  minericalljr.     Friedman's  procedure  is  to  assume  that 
the  modes  of  the  system  including  the  heam  will  differ  only  sli^tly  fron  the 
modes  of  the  system  with  the  heaa  absent,     fie  therefore  writes: 


pa 


Po*  *  y  =  ^  *  y 


where  x  »  p  a  is  the  real  positive  root  of  Q(pa)  »  0  and  thus  is  the  solution 
in  the  absence  of  the  beam.  The  two  sides  of  equation  (2.1)  are  expanded  in 
powers  of  y.  Since  we  are  interested  in  the  case  when  the  beam  Telocity  and  the 
phase  velocity  of  the  propagating  mode  of  the  cold  helix  are  nearly  equal,  the 

denominator  (i~  "/^^     iJi.\  must  be  treated  more  accurately  in  the  expansion 
than  the  other  places  where  y  appears.  There  results  upon  keeping  lowest  order 
items: 

(2.5)  y<y  -  ^)^-i  <i  *iy)  -  0 

in  which  we  have  introduced  the  further  symbols: 
d    =  —    -     X 

0         V  0 

0 


(2.6) 


W  =  I/2n  e    /2e/m    V 

bX      .  /UA.     \ 


3/8  =  J.03  z  lo"*  i/t3/2 


V  -  d.c,  beam  voltsige 


a 


^  a 

,"bx 


bx 


0  V  a  /  a 
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tx         ."bx. 


(2.6) 


J 


t  (-4a. (x  ) 


o^  a- 


I  -^) 


The  qaantltles  here  are  inteipreted  straigbtforwardXy.  The  departure  froa 
resonance  between  the  beam  Telocity  and  the  helical  mode  phase  velocity  in 
represented  by  d  ,  Throtighout  most  of  this  work  we  shall  set  d  «  0,  The 

0  0 

aatplification  has  a  broad  aaziamn  near  d  =  0,  so  this  approximation  should 
not  affect  matters  much,  W,  which  is  proportional  to  the  beam  current,  is  a 
measure  of  the  strength  of  space-charge  forces.  The  quantities  6  and^  , 

bXn  - 

which  depend  primarily  on  — 2.  ,  are  geometrical  factors,  while/  measures  the 

a 
combined  effect  of  geometry  and  the  presence  of  the  beam. 

Since  we  are  desding  with  the  modes  of  the  system  which  reduce  to  the 
propagating  mode  of  the  cold  helix  vftien  I  approaches  zero,  we  shall  assiuae 
that  the  phase  velocity  of  that  mode  is  much  less  than  the  velocity  of  light, 
whence  we  may  obtain  the  propagation  coafltants  of  the  modes  by  the  approxi- 
mation ^  =  ip.  We  therefore  can  get  the  propagation  constants  from  the  solutions 
of  equation  (2,5),  When  the  tube  is  amplifying,  two  of  the  roots  of  (2,5) 
will  be  complex  conjugates.  We  shall  call  y-i    the  root  which  represents  the 
amplifying  mode,  and  y.  the  root  corresponding  to  the  attenuated  mode.  The 
third  root  y  ,  which  is  real,  corresponds  to  a  mode  which  is  neither  amplified 
nor  attenuated.  The  amount  of  amplification  is  proportional  to  the  imaginary 
part  of  yj^.  Our  considerations  about  the  gain  will  therefore  revolve  about 
this  quantity, 

Friedman  further  considers  the  case  that  d  =  0  and  that  the  Bessel 

0 

functions  have  sufficiently  large  arguments,  say  bx  /a>3,  that  the  use  of  the 
asymptotic  formulas  for  the  Bessel  functions  Is  justified.   The  satisfying  of 
these  conditions  will  insure  satisfying  >*=  ip.  The  constants  in  equation  (2,5) 
CEin  be  simplified  under  these  restrictions,  yielding 

(2.7)  y5-I^  +  j«0 

where 
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(2.8) 


L  =  i     /^ 


WD  ^=-77^^°' (I)    ;37a 


Upon  setting  y  «=  (L/a)^/^  u,     B  =  (A^.^^^      (2.7)  -becoBiea: 
(2,9)  u^  -  Ba  ♦  1  =  0 

3 

The  condition  that  (2«9)  have  complex  roote  is  B<3//T+ =  1,S9.  Tor  larger 
values  of  B  no  aiapllficatlon  will  take  place.  Since  B  is  proportional  to 
I  '-5,  this  condition  indicates  the  existence  of  a  limiting  current  above  whldi 
no  amplification  takes  place. 

For  small  B  Friedman  gives  approximate  solutions  of  (2»9)»  To  the 
lowest  order  in  B  these  solutions  are: 


^-  (aJ     ^1-  21 


1  ♦  1+  i 


/P^J 


(2.10)      u^=  (ir^^2-  |[l*  |-i/H 


^=(i-) 


-1/3 


^3=--! 


The  propagation  constants  of  the  three  modes  are  thus  given  to  the  present 
degree  of  approximation  "by: 


'^l    a 


X  + 

0 


I  if  {-I  -  l^i 


(^.U)      /3=lk^Mr^ 


B 


+  £  .   1   /3r^ 


/■ 


["0  -  Ui 


A'/5 


(1  *  |) 
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The  gain  per  unit  len^h  of  the  tal)©  Is  accordingly  given  "by  the  real  part  of 

1/3 


(2,12) 


-■m 


/3-2B 


In  terms  of  the  system  parameters,  this  may  he  written  as: 

l^f^   x"^/-'  e"'^/-'  ^^^   * 
(2.13)      & 


v.| 


1     '2!Ulli!l^^LlJLf    ^j^^^fii^^-^'^] 


yl/S  .1/3  ^2/3 
In  which  we  have  introduced  the  constant: 


(2.14) 


•1"  f2"#. 


-1/3 


31.2 


The  dependence  of  &  on  the  various  parameters  will  he  studied  In  later  sections. 
We  shall  next  obtain  a  eimileir  expression  for  the  noise  figure. 


3.  Ithe  Moisq  Figare  Tormula. 

She  noise  flgore  of  an  amplifier  is  eonrentionally  defined  as  the  ratio 
of  the  actual  output  noise  power  to  the  output  noise  pov/er  that  vould  'be  present 
if  the  aaaplifier  were  ideal,  that  is,  if  it  merely  aa^lified  the  thexmal  noise 
at  the  iJi^mt,  where  one  assumes  the  iaput  is  matched  to  a  source  at  temperature 
T.  Pierce  assvuaes  that  the  only  source  of  excess  noise  in  the  trarreling-vscre 
tube  is  shot  noise  in  the  heam,  neglecting  the  partition  noise  arising  from 
electrons  striking  the  helix.  This  latter  effect  will  be  small  if  h/a  is  not 
too  near  unity  and  if  the  magnetic  field  is  sufficiently  strong.  If  the  tube 
is  in  the  ecipllfyiQg  range  and  if  the  helix  is  sufficiently  long,  then  essen- 
tially all  the  power  at  the  cutput  is  in  the  aaiplified  mode.  Thus,  the  noise 
figure  is  found  by  ccnparing  the  power  in  this  mode  produced  by  the  shot  noise, 
treated  as  an  input  current,  to  the  power  produced  by  the  thermal  noise,  treat- 
ed as  an  input  electric  field.  Pierce  finds  after  some  computation: 


'"-I 

Br 


gnr^eV^v^ 

0 


(3.1) 


\} 


kj^lA 


i^ 


ka 


ic.  -  a  h  ■  c 


t»  m-i-'-" 


Here  the  Bessel  functions  are  all  to  be  evaluated  at  x  . 


Ve  have  Intro  - 

dttced  the  -^Virther  notation  V^  120n  ohms,   the  intrinsic  Impedance  of  free  space, 
gold  It,   Is  Boltzmann's  constant,  which  is  usually  denoted  by  k,  but  we  have  re- 
served k  fur  another  purpose.     By  f     ^^  refer  to  the  space  charge  reduction 
factor  whereby  the  shot  noise  in  a  bean  is  reduced  below  the  value  it  would 
have  if  space  charge  forces  were  neglected.     Specifically,  the  mean  square 
noise  current  in  the  beam  in  the  frequency  band  B  is  given  by: 

(3.2)  l2»2er2lB       . 

We  now  wish  to  extend  Pierce's  analysis  by  using  Friedman's  formulas   for 
the  propagation  constants.     We  assume  the  system  is  tuned  to  resonance,   so 
d    "  0,   and  that  bx  /a  is  large,   so  we  may  use  the  asymptotic  formulas  for  the 

0  0 

Bessel  functions.  The  Bessel  function  factor  in  (3.I)  may  be  simplified  under 
the  weaker  assumption  i^  is  large,  which  is  always  satisfied  in  practice.  We 
then  h;tve: 


(3.3)  ?  = 
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0 


:£i 


Ikj^Teu^I      a  x^ 


Upon  using  equations  (2,10)  for  the  propagation  constants,  this  'becomes: 
(3.U)         1=  ^   ^1^    (l*|)   . 

\k^Teun       ax^     *^^  ^ 

1         2 
We  use     2  "  "'o  **  e  V  to  eliminate  the  team  reloclty,   and  the  definitions  of 

L,  A,  and  B  to  express  F  directly  in  tenns  of  the  system  parameters.     Because 

of  the  assunptlon  the  tuhe  Is  tuned  to  resonance,   the  parameters  are  restricted 

2  o 

1     "i^o         1     m    /'^a\ 
by  the  condition    7  »  ^    "T"  "^     2    e    I  x"     •  ''^^^^  ^^  equivalent  to  t^^'c  sin  8, 

0  ' 

the  %fell-known  resonance  conditicix.     We  aleo  assiiae  that  the  teBjperature  of  the 
sovirce  is  fixed  emd  that  the  electron  gun  is  so  designed  that  f    ,  which  de- 
pends only  upon  gun  design,   is  Independent  of  the  other  parameters,   and  hence 
may  be  treated  as  a  constant.     We  then  have  for  F: 

=3TlV3a5/3,2/3  Xo(4  .  1 )  |-  ,  il/3.2/3.V3  x„(l-  \) 

^'•^^      "  — 7573TS73 1  ^  "  3  — ITTTjlTFTTJ 

0  0 

in  which  we  have  Introduced  the  additional  sym'bol  c„  which  is  Independent  of 
all  the  ^stem  parameters  and  hence  na^  be  treated  as  a  constant: 

In  which  we  have  used  the  standard  reference  temperature  R  =  300°K,  In  gen- 
eral  T     will  not  differ  too  greatly  from  unity*  The  manner  in  which  I   de- 
pends on  the  various  indicated  parameters  will  make  up  a  large  portion  of  the 
remainder  of  this  work. 

Because  F  and  &  depend  on  the  system  parameters  in  a  very  complicated 
manner,  we  shall  consider  the  varifition  of  F  and  G-  on  each  perameter  separatelj'. 
To  save  much  writing  we  shall  use  the  notation  that  the  letter  c  with  a  eut- 
script  refers  to  a  quantity  v/hlch  is  constant  through  the  section  in  which  it 
is  introduced,  as  distinct  fro©  c-^   and  Cp,  which  are  fixed  constants  throughout 
the  work.   In  general,  the  c  quantities  from  c,  on  will  be  complicated 
functions  of  those  parameters  which  are  not  being  varted. 

We  shall  first  investigate  how  F  ami  G  depend  on  current. 
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U«     Dependence  of  G-ain  and  Kolse  Tlgare  on  Cxirrent 

SiQjpose  that  In  (2.I3)  and  (3,5)  we  keep  a,  b,  t;   ,  and  V  fixed,  and  con- 
sider that  only  I   is  variatle.     The  derived  paraaeter  x    ^oa/r    will  also  "be 

o      0 


constant.  F  and  G  then  reduce  to: 

a)    a«c3i^/3[i-c^il/3jl/2 
^)    7.c//3fi*cgi^/3l 


(U.l) 


°3 


^'U 


.    ,  1/3  3-2/3  xo(l-  |)/  23/2yl/V/V/3 
1    0 

.    ^2/3  ,V3  ^(1-  Ih  W2^,2/3^?^3 
1  o 


c=c,ya5/3e2/3^^^-^V<ox5/3  1,2/3 
52  '0 


1 
3^ 


We  first  diecuBB  the  dependence  of  G  on  I.  At  I  =  0,  G  ie  zero,  while  its 
first  derivative  ie  infinite.  As  I  increases,  G  increases,  attaining  a 
mazictum  at  I  =  l/o^'  ,  that  is,  at  B  =  Cj,I  '-^  =  1.  The  value  of  the  gain  at 
the  majcimua  is: 

using  the  double  subscript  IM  to  denote  the  maxima  when  I  alone  is  varied.  A 
more  accurate  calculation,  to  "be  performed  in  SectionlO,  changes  the  value  of 
the  coefficient  from  .^0  to  .^S.  The  same  calculation  shows  that  the  maxinoa 
actually  occurs  at  B  «  l,2h  instead  of  B  «=  1, 

As  I  increases  further,  the  gain  decreases,  and  it  passes  through  zero  with 
infinite  slope  at  I  =  (3/2cj.)3,  0^3=  3/2,   The  more  accurate  calculation  shifts 
this  value  to  B  =  1«S9»  Hence,  when  the  current  increases  "beyond  a  critical 
value,  the  gain  begins  to  fall  off.  This  may  be  expected  from  the  following 
elementary  reasoning.  The  gain  arises  from  the  stropg  bunching  action  of  the 
fields  on  the  beam,  caused  by  the  electrons  remaining  in  phpse  with  the  travel- 
ing waves.   When  the  d.c.  current  becomes  large,  strong  space  charge  forces 
act  on  the  electrons,  and  these  are  in  such  a  direction  as  to  oppose  the  bunching 
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process,  thereby  causing  a  decrease  In  the  rate  of  change  of  gain  with 
current.  For  suff Icientlj-  high  currents,  the  space  charge  forces  overpower 
the  field  forces,  and  the  gain  decreases  to  sero  as  the  current  Is  further  in- 
creased. This  behavior  was  predicted  independently  by  Frledjaan-^  and  Benedict  . 

As  far  as  the  noise  figure  is  concerned,  when  a,  b,  iJ,  and  V  are  kept 
fixed,  it  takes  the  fom  (i^.lbh  This  function  starts  from  zero  at  I  =  0 
with  Infinite  slope,  and  then  increases  aonotonically  as  I  increases.  Hence 
the  noise  figure  gets  progressively  worse  with  increasing  surrent,  A  quantity 
which  may  designate  a  figure  of  merit  for  the  tube  is  the  ratio  of  gain  to 
zioise  figure.  This  quantity  E  takes  the  fom: 


ih.k)  R  -  p 


As  the  cxurrent  increases,  R  decreases  aonotonically  from  the  value  y^    ~^    at 

I  =  0  to  zero  at  I  =  (pT")  •     Hence,   the  effectiveness  of  the  tube  in  producing 

aBpllfleation  of  signal  with  respect  to  noise  decreases  steadily  as  the  current 
increases. 

Graphically,   0,  7,  and  R  sire  depicted  In  Figure  1. 


6,     D,  L.  Benedict,    "Ballistic  Treatment  of  the  Traveling- Wave  ABiplifier", 
Haiverd  Univ.   Cruft  Lab.  Report  Ho,   3O. 
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Figure  1 
Gain,  Hoise  Figure,  and  Merit  Figure  versus  Current 
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5»   Dependence  of  Grain,  and  Noise  Figure  on  Beam  Voltage. 

Ihe  dependence  of  the  gain  and  noise  figure  on  "beam  voltage  is  very  contpli- 
cated.   This  is  because  the   tvining  to  resonance  of  the  tube  depends  on  beam 
velocity,  which  has  to  be  matched  to  the  phase  velocity  of  the  propagetlon 
node  of  the  cold  helix.  Hence,  variations  in  beam  velocity  will  produce  de- 
partures froB  resonance  if  W,  a,  and  x  are  kept  fixed.   However,  the  basic 
cubic  equation  (2.5)  has  a  broad  maximum  as  d  varies  from  zero.  Hence  we 
shall  continue  to  use  equations  (2,13)  and  (3,?),  which  hold  strictly  only  at 
resonance,  to  describe  the  "behavior  away  from  resonance.   The  specific  effect 
of  the  departures  from  resoneince  will  be  studied  in  Section  9. 

To  describe  the  dependence  on  voltage,  \/e  shall  introduce  the  avixiliary 

variable  t,   defined  by: 

bx 
(5.1)  2=  -£  -  -^ 

From  the  assumptions  under  which  (2,13)  and  (3,5)  were  derived,  z  must  be 
greater  than  3,     All  our  considerations  will  accordingly  be  restricted  to   this 
"domain  of  validity",     V/e  note  that  increasing  z  corresponds  to  decreasing  V 
anr".  the  domain  of  validity  extends  from  z  =  3  to  z  =   00,   or  frcm  "7  =  0  to 
Y  =  b   U  n/lSe,     This  latter  value  corresponds  to  a  beam  velocity  of  the  order 
of  magnitude: 

(5..)  f  ~  ^ 

which  is  small  for  all  practical  tubes, 

Squctlon  (2.13)  for  the  gain,   in  addition  to  direct  dependence  upon 
z,   involves  V  explicitly,     Y  may  be  eliminated  by  using  (5,]),    thereby  expressing 
the  gain  in  terns  of   z  and  "constants".     There  restilts: 

0  .  cj  ."/J  .-2/3  «(f  -  I)  [1  .  ,^  ^1/3  .V3  «(f  -  D]  1/2 


(5.3)      .  .  /I  °^]!lJI!L 


«7     n  ~-^ 


°s-  i-— b '  ^  ^ 
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The  constants  c,  and  Cg»  which  are  "both  proportional  to  I  '•',  will  "be 
quite  small  for  low  currents.     Also,  c^  Bay  "be  made  small  with  respect  to 
&.  "by  using  small  values  of  h. 

The  range  of  values  of  %  for  \^ich  G  is  positive  is  froB  z  ^  0  to  soae 
value  T     at  which  the  radical  vanishes.     Xo  determine  the  ocm'ber  of  naxina  or 
minima  vfithin  the  range  we  set  the  derivative  of  G  with  respect  to  z  equal  to 
zero,  and  obtain  the  transcendental  equation: 


i5.^) 


9cgzV3eV3«(f-l)„g.u(|-l) 


The  first  of  these  functions  starts  \xp   fro*  zero  at  z  «  0  with  infinite  slope, 
and  thereafter  is  monotone  increasing.  The  second  function  slopes  downward 
from  the  value  8  at  z  =  0  to  zero  at  z  «  2^  -  l)i  Hence,  as  is  clear  from  the 
accompanying  diagram.  Figure  2,  equation  (5,U)  has  only  one  root. 

Figure  2 
Graphical  Solution  of  Equation  (5.I+) 


8-4(^-l)Z 
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Conaequently,  0  haa  only  one  uaxlauB  in  the  range.  It  thus  etarts  at  sero, 
rises  to  a  BazljaaB  ralue  &  ,  and  than  decreases  to  zero  at  2  »  t  . 

ZB  B 

Howerer,  for  these  considerations  to  he  Talld,  s  miBt  lie  In  the  donaln 
of  validity  «  >  3»  ^«  discuss  the  question  in  two  steps.  Pirst,  is  z  less 
than  or  greater  than  3I  If  z^   is  less  than  3,  the  amplifying  region  described 
hy  0  <  «  <  x^  is  entirely  outside  the  doaain  of  validity,  and  the  consider- 
ations are  ■eaningless.  There  exists  a  critical  value,  Cg  =  c-.  ,  for  which 
the  radical  in  (5»3^  vanishes  for  z  "  3.  This  value  is  given  Tjyj 

(5.5)  ,^  .  j-1/3  .--(f  -  1) 

For  larger  values  of  Cg,  the  anplifSring  range  is  entirely  outside  the  donain 

of  validity.  Hence,  v/e  mst  restrict  ourselves  to  c-  less  than  c__,  When  c- 

o  Sk        8 

is  less  than  Cgj^,  the  portion  of  the  curve  of  (J  against  z  from  z  ■  3  to  z  ■  a_, 

lies  in  the  doaain.  Mow  the  curve  of  G  against  z  rises  from  0  at  a  »  z  with 

■ 

infinite  slope,  and  as  z  decreases,  G  increases  until  the  maziaoB  value  G       is 

zn 
reached.     Thus,   the  next  question  is,  does  the  BaziBOB  value  lie  within  the  do- 
main of  validity? 

ligure  2  indicates  that  the  BaxlBUB  must  occur  for  a  value  of  z  less   than 
2/(^-  1).     If  this  latter  quantity  is  less  than  3,   the  «ayi;mB  mast  he  outside 
the  domain  of  validity,     How  2/(^  -  1)  is  equal  to  3  when  h/a  equals  3/5.     Hence 
for  "b/a  less  than  3/5,  the  BaxinuB  is  outside  the  domain  of  validity,  and  the 
included  portion  of  the  curve  of  G  against   z  is  aonotonic. 

In  case  b/a  is  greater  than  3/5,  the  position  of  the  mnxi ig^pi  still  de- 
pends \q)on  Cg,     If  Cg  is  sufficiently  large,   the  Intersection  point  on  Figure  2 
may  he  hrou^t  close  to  zero,  while  for  small  values  of  c-  it  may  he  brought 
close  to  2/(r  -  1).     ^  Cg  decreases,   the  Intersection  point  shifts  steadily 
to  the  right,   and  if  2/(^  -  l)  is  greater  than  3,  which  is  satisfied  for  b/a  >  3/5, 
there  will  be  a  critical  value  Cg  =  Cg^  for  which  the  intersection  point  occurs 
at  z  =  3.     Consequently,   for  Cg  >  Cg^,   the  maximuw  lies  outside  the  domain  at 

validity,  and  the  Included  portion  of  the  curve  is  monotonlc,     For  c-  <  c- 

8  oC 

the  curve  rises  to  a  maiiiBum  and  then  decreases.     Since  c-     is  defined  in  such 

oC 

a  way  that  for  Cg  =  Cg^  Equation  (5,U)  is  valid  for  2  =  3,   Cg     is  given  by: 

f-UCl-l) 
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Va  now  reverse  these  conBlderationa  to  describe  the  rariatlon  of  G  with 
the  beam  Toltage  Y.  Recap  It^il  a  ting  shows  the  following: 

Per  Cg  >  Cg,  ,  the  amplification  range  is  outside  the  donaln  of  Talidlty. 
For  Cg  <  Cg.    and  h/a  <  3/5»  ^e  gain  starts  froia  zero  at  V  »  V  (T  *  V  cor- 
responds  to  z  *  z  ),  and  increases  monotonlcally  as  T  increases  until  we  reach 
the  end  of  the  domain  of  validity.  This  behavior  continues  to  hold  for 
Va  >  3/5t  tiat  Cg^  <  Cg  <  Cgj^.  finally,  for  b/a  >   3/5  aad  Cg  <  Cg^,  the  gain 
rises  from  zero  at  7  =  7  to  a  aaxisoa  value  and  than  decresises  as  7  izxereases 
farther.  This  behacrior  is  sketched  in  Figure  3* 

Vow  frua  its  definition,  Cg  has  the  value: 

2  /2     ,-r-  1^/3  7  A/3 

(5.7)  °8 "    3     ''i  /^  rr"  ^'^"^  ^  1°  Ub- 

Consequently,  c-  Is  effectively  proportional  to  I  '  ^^   since  b  and  ^  ere  not 
often  varied.  Therefore,  the  analysis  shows  that  If  the  current  is  sufficiently 
small  and  b/a  >  3/5,  the  aaplifi cation  rises  from  zero  at  7  =  7  to  a  Baiiaiam 
amplification  and  then  decreases.  When  the  current  is  increased  to  such  a 
value  that  c-  >  c^  ,  the  only  portion  of  the  G  -  7  curve  about  which  we  can 

o     oO 

speak,  that  included  in  z  >  3,  is  a  monotone  Increasing  function  of  7, 

\le   shall  next  consider  the  noise  figure,  Bquation  (3»5)  ^°^   *^e  noise 
figure  may  be  transformed  to  depend  only  upon  z  by  eliminating  the  explicit  7- 
dependence.  It  becomes: 

f  =  Cg  e2/3  *<^  -  l^z-^^/3  1^  1  .  e,o  .^/3  ,V3  «(f  -1)1 
(5.8)   Cg-  Cg  ^  1^/3  ut 

c,o  .    ^    c,    /iTST  ll/3/ub  =    I    Cg 

We  are  Interested  in  the  variation  of  T  with  z  within  the  amplifying  range. 
To  this  point  we  have  worked  vrith  the  8?)proxiBate  equation  (2.12)  for  the  gain, 
which  asserts  that  the  limiting  value  of  B  Is  1.5,     Hovr  the  more  accurate  theory 
shows  the  liaitlng  value  of  B  is  actually  1.89,     Hence,   the  second  term  in  the 
bracket  in  (5,8),  which  equals  B/3,  lies  between  zero  and  ,63  as  z  varies   from 
zero  to  «  .     The  domain  of  validity  extends  from  z  =  3  to  z  «  z  .     We  accordingly 

B  " 

Bay  define  a  critical  value  c^^q  ■=  c^q^   for  which  z^  =■  3,  and  restrict  outselves 
to  vedues  of  c.q  less  than  c^^qi^.   The  critical  value  la  given  by: 
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rigure  3 
Sketch  of  Oaln  versus  Beam  Voltage  for  Vorloua  Beam  dorrenta 
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(5.9) 


'lOk 


.63.3-^/3  .-'•<^-l>.A37.-«^-^' 


'10k 


1 

2 


We  should  hare  c,^^  «  ^    *^gv»  ^*  ^®    ''*'®  °'  *^®  awre  accurate  theory  changes 


the  factor  to  ,63.     Actually  c.^.    as  given  here  Is  correct,   but  c-.    as  defined 


8k 


V  (5*5)  ahotild  have  a  factor  1,26,  The  use  of  the  correct  Halting  value 
1,89  instead  of  I.5  may  "be  expected  to  Inprove  formulas  (2,13)  and  (3,5). 

Regarded  as  a  function  of  z,  ?  is  infinite  at  z  «  0,  is  positive  for  z  >  0, 
and  Is  again  infinite  for  a  =  00,  To  Imreatlgate  the  number  of  maxima  and  minima, 
we  differentiate  7  with  respect  to  z,  and  set  the  derivative  equal  to  zero, 
which  yields  the  transcendental  equation: 


(5.10) 


'^lO^ 


1/3  U/3  *(?-!) 


(g  -  2  |)«  -  11 

(I*  ♦  2  |)z  -  10 


The  left  hand  member  of  this  eouatlon  v/as  sketched  in  Figure  2.  The  behavior 
of  the  right  hand  side  depends  upon  v<^ether  b/a  is  less  than  or  greater  than 
l/U,  since  the  coefficient  of  z  in  the  numerator  changes  sign  at  b/a  *  l/U. 
When  b/a  is  less  than  1/M-,  we  have  the  behavior  illustrated  in  Figure  U, 


Figure  k 
Oraphical  Solution  of  Bquation  (5,10)  for  b/a  <  l/U 


(8-2-g)Z-ll 
(4+2^)2-10 


So^ 


4     4z(f-i) 


-17- 

Consequently,  there  Is  only  one  root  of  (5. 10)  for  z  positive.  Therefore  J 
has  only  one  stationary  point,  and  this  stationary  point  imist  'be  a  minimoift.  The 
slope  of  the  F  -  z  oorrs  is  negative  for  z  less  than  the  z  corresponding;  to  the 
intersection  point,  and  positive  thereafter.   We  next  amst  ask  what  portion  of 
the  7  -  z  curve  is  included  in  the  donain  of  validity. 

Suppose  a  line  is  dravn  across  Figure  U  at  .63  tmits  ahove  the  horizontal 
axis.  Then  either  this  line  will  intersect  the  hyperbola  [(g  -  2  ^)  z  -  11 j  / 
[(U  ^  2  r)  a  -  10]  or  else  it  will  lie  coztpletely  below  the  hyperhola.  The 
latter  case,  which  we  consider  first,  corresponds  to 

l.U^ 


a 


1^2j 


f  >  .63 


(5.11) 

a 


r  <  .070 


In  this  case  the  cirve  representing  c-q  z  '^  e  '^  *^Z  '     '  will  intersect  the 
horizontal  line  before  it  intersects  the  hyperbola.  Since  the  range  of  ampli- 
fication is  frcBi  0  <  c.Q   z  '3  e  '  ^  *^^  "  '  <  .63,  in  this  case  the  slope  of 
the  F  -  z  curve  is  negative  throughout  the  amplification  region,  since  the 
BlnlBtom  is  outside. 

Hext  let  us  suppose  that  the  horizontal  line  intersects  the  hyperhola. 
The  z  -  coordinate  of  the  point  of  Intersection  Is  given  by  the  root,  Zj^,  of 
the  equation: 

(S  -  2  r)zi  -  11 


.63  -  -       ^ 


CU  ♦  2  |)zj^  -  10 


(5.12) 


17.3^, 


'^"  10.5  I -.7H 


When  -=  .070,  z.  Is  Infinite,  and  It  decreases  to  z^  <=  3  at  -  »  .I56.   Let 
us  analyze  the  behavior  for  .O70  <  b/a  <  .15o,  The  curve 

c   1I/3  e^/3  »(^~  1^  will  Intersect  the  hyperbola  either  to  the  right  or  to 
the  left  of  z, ,  depending  on  the  value  of  Cj^q.  For  a  critical  value  of  c^q, 
say  c,^, ,  the  two  curves  and  the  horizontal  line  will  meet  In  a  single  point. 
This  critical  value  Is  given  by; 
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(5.13)  c,o,  =  .63zf^/5,-ii/3-l(f-l) 

How  if  c.Q   <  Cj^oi*  *^®  *"°  curvea  Intersect  to  the  right  of  z  =  «,,  How  the 
domain  of  validity  1»  fyon  »  =  3  to  z  »  00,  while  the  anpliiyinc  range  is 


froB  «  =  0  to  the  intersection  of  c.q  t^'^  9^'^   *^F  ~  ^^ 

line.  Since  the  hyperhola  ie  a  nonotone  decreasing  oirve,  its  intersection 


j^Q  »    •      -      and  the  horizontal 


with  Cj^Q  2  '■'  e  '•'   ^     has  an  ordinate  less  than  ,63,  and  the  minimum  is 

therefore  within  the  as^jlifying  range.  Consequently,  under  these  conditions 
the  F  -  B  curve  will  possess  a  minimoua.  However,  if  c.^  >  c.,..  ,  the  tvro  curves 
Intersect  to  the  left  of  s  =  Zj^,  and  therefore  at  an  ordinate  greater  than  ,63. 
Hence,  the  minimum  point  is  outside  the  amplifying  range,  snd  the  included 
portion  of  the  F  -  z  curve,  will  have  a  negative  slope. 

The  next  range  to  be  considered  is  .I56  <  b/a  .?5,  In  this  range  «,  is 
less  than  3.  Consequently,  the  only  portion  of  the  hyperbola  to  be  considered, 
that  for  vdiich  z  >  3,  lies  entirely  in  the  ampliftrlng  range.  How  there  will  be 
a  critical  value  of  c^^q,  say  c.^  ,  for  which  the  two  curves  intersect  at  z  «  3, 
Ihis  critical  value  is  given  by: 

^  '^       6  I  +  2 

If  c^Q  >  Cj^og*    *^®  curves  intersect  for  a  value  of  z  less  than  3,     Accordingly, 
the  minimum  is  outside  the  domain  of  validity,   and  the  included  portion  of  the 
r  -  z  curve  has  a  positive  slope,   since  the  minimom  occurs  to  the  left  of  the 
domain.      If  c.q  <  c.^^t   *^6  curves  intersect  when  z  is  greater  than  3,   so  the 
r  -  z  curve  has  a  minimum  within  the  domain  of  validity. 

This  brings  us  up  to  b/a  "  1/U.     For  larger  values  of  b/a,   the  hyperbola 
intersects  the  axis  at  the  value  z  «=  ll/(g  -  2  ^),   and  then  goes  to  the 
asymptotic  value  -  (U  -  -  l)/(2  7  "♦•  1),     Consequently,  the  intersection  of  the 
two  carves  mast   take  place   for   z  leas   than  11/(8  -  ^),     We  therefore  ask 
when  the  last  expression  equals   3t  which  occurs  for  b/a  «*  6/I3  »  ,U62.     When 
l/U  <  b/a  <  6/13,   the  behavior  of  the  F  -  2  curve  is  the  same  as  ^Aen 
,156  <  b/a  <  l/U,  namely,   characterized  by  a  parameter  c.q-,   such  that  the  F  -  z 
curve  has  a  minimum  for  cj^q  <  ^102  *""^  *^®  F  -  z  curve  has  positive  slope  for 
«10  ^  °102' 
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yinally,  suppose  ^/&   Is  greater  than  6/I3,  The  intersection  of  the  two 
curves  will  then  occur  when  z  is  less  than  3»  bo  the  aininum  is  to  the  left  of 
the  domain  of  Taliditgr  and  the  7  -  t   curve  has  a  positive  slope. 

Sketches  of  the  variation  of  noise  figure  with  voltage  for  various 
raluea  of  "b/a.   are  given  in  Figure  5* 

Ve  now  ask  which  of  there  conditions  is  likely  to  ohtain  in  practice. 
We  shall  use  some  auahers  cited  "by  L.  M.  Field  of  Stanford  University  on  the 
perfomance  of  a  20,000  MC  travelizig  wave  tube.  This  tuhe  has  a  helix  with 
•O9O"  outer  diameter,  •013"  vire  diameter,  and  a  length  of  1,6  inches.  The 
wavelength  is  1*3  cm  and  synchronous  velocity  occurs  when  the  voltage  is 
2700  volts.  From  the  figures,  we  compute  x  =  3»78,  bo  we  are  within  the  donaln 
of  validity  only  when  "b/a  is  quite  close  to  unity,  specifically,  v*ien 
,8  <  "b/a  <  1.  However,  we  have  selected  the  domain  of  validity  arbitrarily,  by 
requiring  the  asymptotic  expansions  of  the  Bessel  functions  to  represent  the 
functions  with  great  accuracy.  By  sacrificing  some  few  percent  of  accuracy,  we 
can  bring  the  domain  of  vadidity  down  to  «  =  2  with  not  too  great  trepidation. 
This  brings  the  allowed  values  of  b/a  down  to  ,53»  However,  the  entire  range 
still  lies  in  the  range  b/a  <  .U62,  so  v/e  ceui  expect  the  last  curve  in  Figure  6 
to  be  valid  and  the  noise  figure  decreases  with  beam  voltage. 

For  this  choice  of  parameters,  c.^  =  .O525  I  '^/(b/a).  When  b/a  =  .8, 
c    "  .161,  and  for  all  reasonable  currents  c.^  is  much  less  than  c-_.  ,  so 
the  amplifying  region  is  broad.  When  b/a  ■  .6,  c-q  •=  °iOk  ^°^  ^   current 
I  =  Ul  ma,  which  is  still  too  large  for  practice.  Consequently,  we  need  not 
worry  nnich  about  the  restriction  c,q  <  c,qj^,  since  it  is  generally  satisfied 
In  practice. 

6^  Dependence  of  Gain  and  Hoise  Figure  on  Beam  Radius  for  Constant  Current. 

We  shall  now  keep  a,  u ,  I,  and  V  fixed,  and  allow  b  to  vary.   Since  a  is 
fixed,  we  may  take  b/a  as  the  independent  variable.  The  work  of  this  section 
corresponds  to  varying  the  beam  radius  while  fixing  the  total  current,  so  we 
effectively  vary  the  current  density.  In  the  next  section,  we  shall  keep  the 
current  density  l/rtb  fixed,  and  vary  the  radius  and  current  8im\iltaneously, 
The  latter  conditions  correspond  to  a  vRriable  cathode  area  and  fixed  focusing, 
while  the  preeent  section  refers  to  a  fixed  cathode  area  and  varip.ble  focusing. 

Iquation  (2.I3)  for  the  gain,  when  expressed  as  n   function  of  b/a 
becomes: 
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Figure  5 
Sketch  of  Variation  of  Noise  Figure  with  Beao  Voltage 
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(6.1)       "=11    V  °i  ^i/i   ;; 

2    il/3  .V3X, 

=12  -  3  "l  ;i72     2/3 

o 

This  ftmction  vanishes  at  the  value  of  h/a,  call  it  (h/a)  ,  at  which  the  radi- 
cal  Tanlehes,  and  rises  from  zero  there  with  infinite  slope.  It  is  positive 
for  h/a  greater  than  ("b/a)  c 

The  donain  of  validity  if  from  b/a  -  3/x  to  b/a  =  1,  The  factor  in  G 
outside  the  radical  has  a  minianam  at  "b/a  =  ^/^n»  ^^   increases  monotonically 
thereafter.  The  radical  also  is  monotone  increasing,  so  the  gain  is  a  steadily 
increasing  function  of  h/a.  This  is  what  one  would  expect  physically,  since 
the  fields  produced  by  the  helix  are  strongest  near  the  helical  surface.  Larger 
values  of  b/a  aeem.  that  electrons  are  traveling  nearer  the  helical  surface,  and 
hence  in  the  region  of  stronger  fields.  We  woTild  therefore  expect  a  greater 
transfer  of  energy  betv/een  the  fields  and  the  beam,  ^ich  manifests  itself  as 
greater  as^lification. 

There  are  two  po8si"ble  conditions.  Either  (h/a)  lies  \/ithin  the  domain 

of  validity  or  it  ia  exterior.  The  critical  value,  for  which  (h/a)  corresponds 

to  X  =  3»  occurs  when  c, _  has  the  value 
o   "^  12 

(6.=)  =ia  =  (f ) '"  »"  =  "^  <"'      . 


When  c,p  is  less  than  c.p^,  (Tj/a)  is  exterior  to  the  domain  of  validity,  so 
the  gain  is  a  monotone  increasing  function  of  b/a  throughout.  When  c. p  is 
greater  than  o^  .,    ('b/a)  is  greater  than  3/^^  t  "o  the  gain  is  zero  for 
3/x  <  "b/a  <  (b/a)  ,  and  increases  monotonically  thereafter.   Since  h/a  must 
he  less  than  1,  the  upper  limit  on  c,_  is  given  t^: 


(6.3)  c^2j,  -  e^/3  ^0 

For  still  larger  values  of  c.^t  ^'^  gain  vanishes  throu^out  the  domain  of 
validity. 
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Let  us  nou  consider  a  practical  case.  Jot   reasooAble  Talues  of 
X  and  V,  the  factor  maltiplylng  I  '^     in  c.-  will  be  on  the  order  of  one 
tenth.  For  x^^  «  5,  V  »  lUOO  ?,  c^g  beeoaet  .lUj  I^'^,  while  o^^   is  37.  Con- 
sequently, c.p  is  nueh  less  than  c.^   for  practical  currents,  and  the  gain  in- 
creases monotonlcally  with  h/a  throtJ^ghont, 

Similar  considerations  ^ply  to  the  noise  figure.  Sqaation  (3*f))  for  the 
noise  figure  hecoBee 


(6.U)  ^^  ^1/3  e-2/3  xo 


c. 


13     "777173 


Wax 


0 


^jl/3,U/3x„ 

°ll*"     I      V/2  ,  2/3 


1  °1 


0 


This  function  is  the  sun  of  the  two  functions  Cj^_  e  '-^  *°  a/  ("b/a)  '^   and 

c   C-)^  e  '^  ^  a/ ("b/a)  '^,  each  of  which  is  nonotone  increasing  when  h/a  is 

greater  than  5/2xo»  Since  tlie  domain  of  validity  is  from  b/*  "  3/*o  *^  V*  =  l-t 
the  minimum  occurs  for  a  ralue  of  h/a  outside  the  domain,  and  the  noise  figure 
increases  steadily  with  h/a.  We  wish  to  limit  ourselves  to  the  amplifying  range 
of  the  tuhe,  and  therefore  should  only  draw  the  F  -  ("b/a)  curve  from  itfa.)^   to 
h/a  =  1,  defining  (h/a)  as  that  value  of  t/e.   for  which  the  gain  vanishes. 
However,  in  practical  cases  {Ta/a)^   is  well  helow  the  domain  of  validity,  and 
we  need  not  consider  this  modification. 


7,  Dependence  of  Sain  and  Nolee  Figure  on  Beam  Radius  at  Constant  Current  Density. 

We 


shall  here  keep  &,^,   ▼,  and  l/b  constant,  and  regard  b/a  as  the 


variable.  V&rlatlons  of  b  when  I/b  Is  kept  constant  imply  simultaneous  vari- 
ations in  I,  This  section  accordingly  describes  variations  from  tube  to  tube 
when  the  focusing  conditions  are  kept  fixed  and  the  cathode  is  changed. 
Equation  (2.I3)  for  the  gain  becomesj 
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ThiB  function  ranishes  fo  "b/a  "  ("b/a)^  »  ^^  la  Cj^g,  and  increase*  aonotOTl- 

eally  with  "b/a  thereafter.  This  value  (b/a)  will  11«  outglde  the  domain  of  Talidity 

provided  c^r   i»  less  than  e  ,  and  consequently  a  increases  steadily  with  b/a 

throughout  the  domain  of  Talidity,  When  c^g  lies  between  e  and  e  ' -^  ^o, 

(h/a)  lies  in  the  donain,  so  the  ^eA.n   is  zero  up  to  {t/A)     and  increases  there- 

after.  When  c^r   is  greater  than  •  ' ''  o,  the  gain  is  sero  for  all  values  of  t/a., 

Using  the  sane  numbers  as  before,  c.g  is  small  for  all  practical  currents. 
Thus  the  gain  will  increase  steadily  with  b/a.  The  physical  reasons  are  the 
same  as  previously  discussed  in  Section  6. 

The  noise  figure  follows  the  same  pattern  as  in  Section  6.  Iquation  (3.^) 
becomes: 


eg/3  ^0  I 
'17       rv/.^2 


(b/a)' 


fx  .  .,,  .-V3  ^  I] 


,       ,  V        /I  \^/3    ,-2/3^ 


_  1    ^    /i\  ^l-^iW^b 


^)^''(^)-/'.V3., 


'18    3  jn  \y2j     I,- 

Exactly  as  in  Section  6,   this  function  is  the  sum  of  two  functions^ each  of  \^ich 
increases  monotonlcally  throughout  the  domain  of  validity.     As  before,   we  should 
only  draw  that  portion  of  the  curve  vrtilch  lies  in  the  amplifyixxg  region.      The 
critical  value  of  c.g  for  which  the  gain  vanishes  at  the  edge  of  the  domain  of 
validity  Is  c,g  =  .63  s  .     For  all  practical  tubes  c.-  Is  much  less  than  this 
critlcEil  value,   so  the  amplifying  region  is  wider  than  the  domain  of  validity. 
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g,  Dependence  of  the  Gain  and  Molae  Flgore  on  yreqaency« 

In  tl^ls  section,  vre  shall  keep  a,  1),  7,  and  I  fixed,  eind  allow  O  to  vary. 

The  gain  only  involves  the  frequenpy  in  the  com'binatlon  z  =  "bXg/a  "*»^'b/vo,  and 

we  Bay  use  this  expression  to  descril^e  the  frequency  dependence.  Since  the 

resonance  condition  d  ^  0  may  be  written  in  the  fom 

o 

U.1)         <"^-"«[^  -  ^J 

we  see  that  "by  choosing  the  'beam  velocity  ▼  "  ®  **"*  ®  *®  ^^^   satisfy  the 
resonance  condition  for  all  O  ,  The  situation  is  accordingly  soaewhat  simpler 
than  in  the  section  involving  the  dependence  on  beam  voltage,  where  we  used  z 
as  variable  and  appealed  to  the  broadness  of  the  maxlnxua  of  the  curve  represent- 
ing u,  as  a  function  of  d  to  neglect  the  departures  from  resonance, 
Bqaation  (2,13)  for  the  gain  becomes: 


°19^  .    -     « 


(S.2)       c^g-  ^  J.-J7- 

-  2  c   l'^^ 

This  function  vanishes  at  the  two  roots  of  the  radical  which  we  call  b^j^^  and 

z     and  is  positive  between  these  two  roots.  The  radical  has  a  maximum  for 
max* 

z   =  1/2  C- -  1),  and  so  does  the  multiplying  factor,  so  the  gain  should  dis- 
b 

play  a  maximuB  for  this  critical  value  of  z.  The  gain  at  the  maximom  is 

[2.(|  - 1)]    L 

The  maximum  occurs  in  the  domain  of  validity  if  l/2(f  -  l)  i«  greater 
than  3,  viAilch  requires  b/a  greater  than  6/7.   ^en  "b/a  is  less  than  6/7,  the 
maximum  lies  outside  the  domain,  so  the  gain  will  be  a  monotone  decreasing 
function  of  t  throu^out  the  admissible  range,  vanishing  at  z^^^^.  The  con- 
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dition that   z         aleo  lie  in  the  domain  requires  c,^  to  be  less  than 
—ax  ^j 

3         •"       ^"       .     If  CgO  *■*  greater  than  this  critical  ralue,    there  will 
be  no  enplification  in  the  domain. 

If  b/a  iB   greater  than  6/7,    the  C  -  z  curve  has  a  maxinua   in  the  donain, 
profvided  a^ain  that  b^^  is  greater  than  3.      When  c^  is  less   than 

3         e"     T5"  ~       ^0  hag  a  positive  Taltie  at  2  =  3,   increases  to  the  naximim 

▼alue  G^,  and  then  decreases  to  zero  at  »       ,     When  c,^  lies  between 
■  Max  20 

3^' ^  e"  ^^  "         and  [2e(|  -  1)]"^/^,   z^^^  also  lies  in  the  domain,  so  &  is   zero 

up  to  x_j_,   then  increases  to  the  maximum  and  falls  to  zero  at  s       .     When  c.^ 
fflxa  max  20 

is  greater  than  [2e(^  -  l)]'*"'^,   equation  (8,3)  yields  as  imaginary  value  for  the 

maximam  gain,   so  the  tube  does  not  aiq^lify  at  all.     Ubis  is  the  same  limiting 

current  behavior  that  was  discussed  earlier. 

The  bandwidth  of  the  tube   la  detemined  by  cu^.     We  define  the  bandividth 

as  the  separation  between  the  values  of  frequency  where  the  power  gain  per 

unit  length  is  half  its  maximum  value.     Let  us  introduce  a  variable/*  ,   defined 

^'^''  *  e  D  ,     Then  the  half-power  points  are  detemined  by 

A/2  "  2A   [1  *  3  C20/.2  j  ^  ^^^^^  ^^  „   [2e(|-  1)]   ^^^  is  the  value 

ofy^at  maximon  gain,   and  we  wish  to  find  the  associated  values  of  z.     These 
will  be  the  roots  of  the  equation: 


2/ 


Uo  ^ 


where  z^  =  I/2  (|  -  l).     Since  the  amplification  range  is  limited  to  c      /l^  <  1,  the 

range  of  /"i/g/A  ^«  ^'"^  ^  at  c^^  «  0  to  1  at  o^/a.^  =  1.     We  have  plotted 
the  roots  of  (8.U)   against  c^^^  in  ligare  6.      Since  c^q  Is  proportional  to 

I        /r"      ,   Figure  6  gives  the  bandwidth  as  a  function  of  voltage  and  current. 
It  is  clear  that  the  relative  bandwidth,  which  is  the  difference  between  the 
ordinates  of  the  two  curves  in  Plgore  6,   is  a  monotone  decreasing  function  of 
''20/^o*   ^^  *^^"  °^  ^       '^       •     '^^^  BsaxlmuB  bandwidth,   for  c^/*-^  =  0.   ig  4,55, 
and  an  approximate  formula  valid  when  c^/a-*"  is  small  is: 


Figure  6 
The  Upper  and  Lovifer  Half-Tower  Points  against 


1/2 


^20^0 


2/3c^[2e(aA-l)]2/3iV3/Wj 
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—  -  ^.55  -  5.53  c^o/^: 
o 


(8.5) 


=  U.55 -165  1^/5  V--/2  (1-1)2/3  . 

0 


It  is  clear  from  Figure  6  that  most  of  the  bandwidth  occtirs  at  the  high-fre- 
quency aide.  The  product  of  the  gain  and  the  bandwidth,  which  is  a  measure  of 
the  effectiveness  of  the  tube  as  an  amplifier,  is  plotted  in  Figure  7,  Since 
the  bandwidth  is  monotone  decreasing,  the  product  SB  looks  rery   similar  to  G« 
Since  the  mnxiaun  gain  occurs  at  CpQ/t  »  2/3,  Flgore  7  shows  that  when  one 
operates  at  maxiaam  gain  one  is  sacrificing  bandwidth,  and  a  better  operating 
point  would  be  CpO^o  "  *^^*  ^^^^^   *^  gain-bsmdwidth  product  is  maximum. 
However,  oscillation  will  usually  set  in  before  the  current  corresponding  to 
this  value  can  be  reached  unless  ocillation  is  eliminated  by  providing  lumped 
or  distributed  attenuation, 

Va  next  shall  consider  the  frequency  dependence  of  the  noise  figure. 
Squation  (3*5)  yields: 


^=/3 .(.,-?)     r_    .3,.V3.(S-i) 


(g.6)  r.c^—^ [1*    ^        ^ 

file  analysis  of  this  egression  is  virtually  identical  with  that  of  Section  5, 
except  for  some  changes  in  the  numbers.  F  decreases  to  a  minimum  of  some  value 
of  E  and  then  increasos.  The  analysis  discusses  when  the  minimum  lies  in  the 
domain  of  validity  and  \ih.en   it  lies  in  the  amplification  range.  There  seems 
little  point  in  presenting  it. 

9,  affect  on  the  Gain  and  Noise  Figure  of  Small  Depaxtures  from  Resonance. 

Heretofore  we  have  assumed  for  the  most  part  that  the  parameters  satisfied 
the  resonance  condition  d^  »  0,  We  now  wish  to  consider  the  case  that  d^  is 

0  0 

small  but  different  from  zero.  To  obtain  the  propagation  constants  in  this 
case  let  us  consider  the  first  cubic  equation  of  Friedman,  namely, 

(2.5)     y(y- d^)^- /(I  */y)  =  0 

If  d     is  permitted  to  vary  while  C  and/  are  maintained  constant,   then  y  will 

0 

be  a  function  of  d  .  We  will  regard  y  as  a  perturbation  on  y  ,  the  value  of 
y  for  d  "  0,  and  will  find  the  first  order  correction  term.  Let  y  =  y  ♦  s  d 
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Figure  7 

2 

The  Kormalized  &aia-3andwldth  Product  against  c^q/*^^ 


GB 
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where  8  is  to  be  determined.      Substituting  this  in  Eq.    (2,5)  and  neglecting  all 
powers   of  d     higher  than  the  first,   we  find 

2  y2 
(9.1)  s  -  ° 


3^0  -  U 

Actually  the  value  of  a  depends  upon  wiiich  of  the  three  roots  of  the  cubic  we 
are  considering.  To  emphasize  this  we  rewrite  Bq,  (9.1 )  as  follows 

(9.?)  P  1  =  1,  2.  or  3 

_  ^oi 

^oi-  // 

Trom  the  last  equation  it  follows,  since  lo  y  .  >  0  by  definition,  and 

^  j    =  L  >  0  from  JBq,  (2,8),  that  Im  Sj^  <  0.   Thtis  la  j^^   and  hence  the  aapli- 

ficatlon  increases  as  V  increases  (d  decreases),  while  a,  b,  ^,  0,  and  l/7^' 

are  maintained  constant  (insuring  constancy  of/,/,  and  therefore  of  y  ),  The 

0 

maxiaua  anplification  will  occur  for  some  nef^ative  vailue  of  d     Implying  the  tube 

should  be  operated  slightly  below     resonance.      We  next  consider  the  noise  figure. 

If  we  use  Eq,    (9.2)   in  Eq,    v3. 3)t  we  obtain  for  the  noise  figure  to  the 

first  order  in  d^ 
0 

where 

(9.U)  ,=  ^.  f!£i,  ir^ 


B  ■  He 
From  Bqs,  (2,10)  and  (9.2)  it  follows  that 


5^02  ^03 


(9.5)  a  =    -^^ —     (1  -  UB) 

Consequently,   E  may  take  on  negative  or  arbitrarily  large  and  positive  values 

If  the  parameters   are  suitably  chosen, 

-1/2 
If  now  we  keep  a,  b,  tj    ,  ©,    and  I/V-''      constant  in  Eq,    (9«3)  and  permit 

T     to  vary,   we   obtain 
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(9.6)  T  »  Cg^  tJ  (1  ♦  2  d^  B) 

whose  logarlthaic  derlTative  is 

o      %     r'^Cl  +  2  d  i) 
o       o 


At  d  =0,  thla  has  the  valva 
0 


(9.«)         'f     §- 


=   JL     2»"a 

▼  ~   2 
d^  »  0  oo 

0 


where  t   1b  glTen  hy  t^^  =  ^  a/x  ,   Since  ?  Is  always  posltlre  and  2  may  "be 
00  oo      '  o 

negative  or  arbitrarily  large  aad  positive.  It  follows  frc«  Bq,  (9.8)  that  T 

Bay  either  Increase  or  decrease  as  t  Is  Increased  above  v  .  depending  on  the 

o  00*  ^         ^ 

values  selected  for  the  fixed  paraneters. 

10,  Bxtension  of  the  Domain  of  Validity. 

Throughout  Sections  U  -  9  ve  have  assoned  that  all  the  Bessel  functions 
originally  Involved  In  the  equations  have  been  replaced  by  their  asystptotle 
forus.  We  shall  now  consider  the  effect  of  lifting  this  restriction.  We  there- 
fore return  to  Equation  (2.^)  for  the  gain,  which  we  rewrite  with  soae  slight 
changes  of  notation: 


(10.1) 


y(y  -  d^)^-  /(x^.z)/(x^,2)  Wy  +  ^(x^.s)  W=  0 
K  (e) 

0 

0 

W  »  I/2ne  /2S7S"    V^/^  =  c^  I/t5/2 
%  «  bXp/a 

The  functions   /  (x  ,b)  and  ^  (x  ,z)  as  defined  here  axe  positive,   since  0'    is 
negative.     Since  J  and  f  are  each  factored  into  a  product  of  a  function  of  x 
and  a  ftmction  of  t^    it  Is  possible  to  construct  universal  curves  for  the  separated 
factors  and  use  these  for  any  choice  of  the  paraaeters. 
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We  Bet  d  equal  to  zero,  thereljy  considering  only  the  reeoxiance  behAvior, 
ai\d  then  we  o^serre  that  the  equation  (lO.l)  oajr  be  thrown  into  the  fom  (2,9} 
'bj'  the  transfonoation 

(10.2)  y'lt (*o»  * ^  ^]        ^ 

whence  we  ohtaln  the  standard  form  (2.9),   repeated  here: 

(2.9)  u'-Bu-^l-O 

where  the  parameter  B  is  giren  hy: 

B«i(x^..)     [i   (x^.OwJ^'^^ 
^^^'^^  °1    r  1  2/3    K  («)  r  p      1   1/3     tV3 

The  previous  analysis  was  based  upon  the  asaunption  that  the  arguments  of 
all  the  Bessel  functions  are  large,  in  which  case  B  has  the  asyn^totic  form: 


(lO.U)  B„  =  c 


00 


1°       ^ir  ?75 


We  now  ask  hov  much  B  departs  from  its  asymptotic  value  as  z  and  t   decrease, 

0 

Detailed  namerical  analysis  shows  that  -a.     0  (x  )  differs  from  its  asymptotic 
fom    ^  e     °  by  only  l^  over  the  range  x^^  greater  than  ,1,   so  all  conclusions 
derived  from  considering  that  particular  factor  of  B  may  be  extended  to  the 
domain  x     >  ,1  with  only  a  small  error. 

0 

She  s-dependent  factor  of  B,  which  we  call  B  ,  is  somewhat  more  compli- 
cated.    In  view  of  the  overwhelming  effect  of  the  exponential  factor  e~  '^  ^, 

U/3  z 
we  have  calculated  the  departure  of  B     e  '  -^       from  its  asymptotic  foni 

^2/3^21/3  ^2/3  „  1,705/11^/5  over  the  range  ,1    <  s  <  5.     Curves  of  the  two 
functions  are  given  In  Figure  8,     The  error  is  gjt  at  x  "  2,    22^6  at  z  «  1,    and 
U5?D  at  t  »  ,5.     Consequently,  use  of  the  asymptotic  form  will  be  markedly  in 
error  when  z  is  less  than  2.     In  this  case,    the  exact  curve  given  in  Figure  g 
may  be  used,     ^t  is  plain  that  the  exact  B     increases  much  more  slowly  than 
the  asymptotic  form  as  z  decreases.     A  good  approximation  over  the  range  ,05<z<, 5 
ix  B     =  1,7  «~*    t  wiiich  fits  tiie  curve  quite  accurately. 
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yigure  9 

The  Exact  Solution  of  the  Cutlc  (2,9)  Tereaa 
the  Paraneter  B  over  the  Amplifying  Ban^ 
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Figure  10 
The  Exact  Solution  of  the  iSquation  &(x  )  =  0  agalnet  ka  cot  © 
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Xhe  (joantity  B  can  accordingly  be  detemined  over  the  extended  range  of 
paraaetere  V  the  ^pproxinatlon,  interaedlate  between  (10«3)  and  (lO.l^) 

where  B^  Is  to  "be  taken  fro«  the  corre  of  Vigore  8,  How  heerlng  B,  one  Bay  find 
the  exact  solution  of  the  cubic  (2.9)  by  use  of  Cardan's  foxanla,  which  yields 

for  the  BBrpllfled  Bode  In  the  case  B  <  3/  /IT  : 


Be 
(10.6) 


^.-^[^Mx-^p/'y'^^-a-^.3,v^J^''J 


She  gain  of  the  tube  Is  proportloztal  to  B  la  u.  •  Curres  of  Be  u. ,  la  ii. ,  and 

B  Xa  Uj^  are  glren  In  Tlgure  9,  The  aaxlaua  of  B  Za  u.  lies  at  B  "  1.24,  and 

has  the  Talue  •f)8, 

A  further  extension  le  obtained  by  using  the  exact  ralue  of  the  root  z 

0 
Instead  of  the  approximate  value  x  »  ka  cot  0.  Since  the  asyaptotle  Talues 

may  be  used  abore  x  "   3,  we  have  plotted  the  exact  solution  of  0(x  )  =  0 

against  ka  cot  6  for  ka  cot  9  less  than  3  in  Figure  10. 

Ihe  following  systematic  procedare  may  be  used  to  compute  the  galn«  From 

the  knov/n  values  of  <^,  a,  and  d,  ccxapate  ka  cot  8.  Find  pa  *  z  froa  Figure  10, 

OoBipute  r;|-  e  °  and  e  '  ^  ^,  Compute  «  -  -  x  .  Find  B  e  '  ^  *  from  Figure  g, 

o 
and  then  coapute  B  .  With  these  quantities,  plus  I  and  T,  compute  B  from 

equation  (10.^).  Find  B  Im  u^  froa  Figure  9*  Compute 

2    2x0   ^0^'^ 
j"  (Xq,i)  =  ^^    fi^       ^  ^^^  .  The  gain  is  finally  given  by; 

The  noise  figure  may  be  treated  in  a  similar  manner.  Since  B  is  proportional  to 
1  '  "* t   the  curve  of  B  Im  u-  In  Figure  9  gives  directly  the  variation  of  the  gain 
with  current.  We  note  finally  that  the  linear  increase  of  He  u,  with  B  corres- 
ponds to  a  steady  detuning  of  the  tube  as  the  beam  current  Is  increased.   This 
should  serve  to  reduce  the  amplification  somewhat. 
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c.    2      The   gain  and   the  noi; 
figure   of 
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